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The Counter-Pedal Surface of the Ellipsoid. 

By Thomas Craig, Johns Hopkins University. 



The particular surface investigated in the present paper is merely one of a 
class whose properties do not seem to have been studied ; there is at least no 
reference to the surfaces in any works that I am acquainted with; further, 
Prof. Cay ley expresses his belief that the subject is quite hew. The definition 
of a counter-pedal surface is obtained from the definition of a pedal surface by a 
very slight change of the wording, thus : a pedal surface is the locus of the inter- 
section of the tangent planes to a given surface with straight lines drawn from 
a given point parallel to the normal ; the counter-pedal surface is the locus of 
the intersection of the normals to a given surface with planes drawn through 
a given point parallel to the tangent planes. We can have in like manner pedal 
curves and counter-pedal curves. Problems connected with counter-pedals, 
whether curves or surfaces, will in general be more difficult than those connected 
with pedals, as it would seem that in general the degree of the counter-pedal is 
higher than that of the pedal. Before taking up the analytical part of the work 
I must first express my great obligations to Prof. Cayley for the assistance he 
has given me in this connection, especially in finding the equation of the surface. 
I had found the equation of the surface, but in a complicated form and encum- 
bered with a factor of the sixth degree, which I knew must exist but could not 
find. On presenting my difficulty to Prof. Cayley, he was good enough to work 
out for me the equation of the surface in another and simpler form. The inves- 
tigation below to find the equation of the surface is, with some insignificant 
changes, entirely due to Prof. Cayley. I have also received assistance from him 
on many other minor points in working out the properties of this surface. I 
have not as yet done much on the general theory of counter-pedal surfaces and 
curves, but if one may judge anything from analogy in the case of the counter- 
pedals of the ellipse and ellipsoid, these new curves and surfaces seem to be more 
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closely related to negative pedals than to the direct pedals. For example, the 
degree of the negative and counter-pedals of the ellipse is six ; the degree of 
the negative and counter-pedals of the ellipsoid is ten ; while the degree of the 
pedals is in each case four. In both of these cases the pole is supposed to be at 
the centre. If for the ellipse the pole is taken at the focus, the negative pedal is 
a curve of the fourth degree having the lines x 2 -f- y % = for stationary tangents. 
The counter-pedal surface of the ellipsoid, as considered in the following, is 
the locus of the intersections of central planes parallel to the tangent planes of 
the ellipsoid with the normals at the corresponding points of contact. The 
ellipsoid is given by the equation 

JL + jL + iL-i 

a 2 " r 6 2 " r c 2 ' 

The length of the central perpendicular upon the tangent plane to the 
ellipsoid at any point may be denoted by P ; then 

JL- JL 4.^.-4- J?l- 
P a ~~ a 4 ~ t ~ b* ~ 1 ~ o 4 ' 

further write 

a, (3, <y = b 2 — c 2 , c 2 — a 2 , of — Z> 2 . 

Denote by x , y , z the coordinates of a point on the counter-pedal corres- 
ponding to a point £ , y; , £ on the ellipsoid, then it is obvious that these are 
given by the equations 

•=s(}-ir)- »=»0-£> ^C 1 -^)- 

In order to find the equation of the counter-pedal we have to eliminate 
£ , vj , £ between these equations and 

It is to be noticed that these equations give 

a£ + yn + s£ = a; 2 + f + ?? , 



«£ , W) .,_ K _ 

a 3 "*" 6 3 



+ JLL 4- Ji_ = 



•^•(K — »7) + -Ji («£ — «£) + -Jr(a»7 — y£) = 0. 

The geometrical meaning of these equations is obvious ; one should be able 
to eliminate between these and the equation of the ellipsoid and find the equa- 
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tion of the surface. I was, however, not ahle to do it. The result was of the 
degree sixteen, instead of ten, the proper degree ; but I could not find the 
required factor. Instead of — P % it will be convenient to write merely t , then 

*=*(-?-> y=n \-w-)' z =Z(-j-)' 

from these by aid of 

a % -r 63 • t 3 — A 
we derive 

(a 3 + tf + (6 3 + <) 3 + (c 3 + *y — ' 

and 

a; 3 , i/ 3 z 2 1 

~r 775 i I\s> T 



(a 3 -H) 3 ' (6 3 + «) 3 ' (c 3 -}-*) 3- < 

For greater convenience replace as 3 , ?/ 8 , s 8 , a 8 , 6 8 , c 8 by x , y , z, a, b, c, 
then to find the required equation we have to eliminate t between 

ax , by , ez .. 



(a + 2 ' (6 + i) 2 ' (c + <) 3 
+ 71 ■ ^ + 



(a. + <) 3 ' (6 + <) 3 ' (c + <) 3 ~ * 
Multiply the second of these by t and add to the first ; this gives 



a + f b -\-t e-\-t 

which is to be combined with 

ax , by , ez ., 



(a + *) 3 ' (6 + 3 ' (o + *)» 

We have thus to eliminate t between a sextic and a quadratic equation. 
The method followed by Prof. Cayley to effect this elimination is as follows : 

Expanding the quadratic it is 

(» + y + #) $ + [(& + c ) * + ( c + °) V + (« + &) 2] ' + focc + ca?/ + ate = . 
Write this as 

p* 8 +g* + .K = o. 

Denote by ^ and % the roots of this quadratic, then we have 

P& + Qt + .K = P(t — h) (t — h) > 

fit?! "p- ' * 1 1 2 ~p * 
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The minimum value of t is of course — a , and its maximum value — c . 
Make t = — a , then we have 



a?(x + y + z) — a(h-\-c x + c-\-a y + a + b z)-\-bcx + cay + a,bz = P(a + t 1 )(a + t 2 ) 
and obviously 

P{a + t 1 ){a + h)-—(3yx 
P(b + t 1 )(b + t i ) = - r ay 
P{c + tt) (c + t % ) = — a(3z 

The quantity (t t — t^f will be needed ; this is given by 

Substituting for P , Q , R their values, this is 

, _ ,\% a 2 * 2 + /*V + f# — 2/9^2/s — 2aj3xy — 2yazx 

(h h) - - (a + y + tf 

or say 

(^i ^2) — pr • 

The values of t x and % , substituted in the sextic equation, will lead to the 
expression required for the equation of the counter-pedal. The sextic expanded 

is 

(b + t)\c + {fax + (c + t)\a + tf by + {b + tf(a + tf cz - (a + *) 2 (& + tf(c + tf=0. 

Write this as 

Aax + Bby + <7cz — D = ; 

denote by the suffix 1 or 2 the result of substituting for t its values t x and £ 2 ; 
multiplying together the two identical equations thus obtained we have 

{A r ax + B x by + G x cz — A) (A 2 ax + B % by + C z cz — A) = ; 
this expanded is 

A x A % a*x* + AA% 2 + O x Oj?# + A A 
+ (A A + A A) bcijz + (4 X <7, + Aid) cazx + (AA + A A) "&«y 

— (AA + AA) «« - ( AA + AA) % — ( AA + AA) cz = . 

Using the above equations giving the values of x, y , z, the coefficients 
in this are readily found. 

A,A 2 = (6 + *x) 2 (6 + * 2 ) 2 (c + t,f (c + * a ) 2 = *££ . aW 
AA = (« + *i) 2 (« + * 8 ) 2 (o + *s) 2 = ^ • aWafyV 

Vol. IV. 
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B, G % + B i C 1 = (c + ttf (a + tj* (a + ttf (6 + t 2 f + (c + t,f (a + ttf (a + t x f (6 + t,f 

= (a + t,f (a -f- * 2 ) 2 [(« + * a ) 2 (5 + * a ) 2 +_(c + j) 2 (5 + *i) 2 ] 

= (a+*i) 2 (a + * 2 ) 2 [a 2 (*i — ^) 2 + 2 6 + ^.6 + ^.0 + ^.0 + 4] 

— pa |_ p2 T -6 p2 J 

A x D t + A A = (6 + t,y (c + 4) 2 (a + 4) 2 (6 + 4) 2 (o + **) 8 

+ (6 + 4) 2 (o + 4) 2 (« + kf (6 + hf (c + ^) 2 
= (6 + *i) 2 (6 + hf (c + * x ) 2 (c + 4) 2 [(« + hf + (a + O 2 ] 

= ^r ' <*V* [ft - ttf + 2 (a + t x ) (a + 4)] 



P 



4 



»y^-T] 



The remaining values are written down by symmetry. Substitution of these 
values in the above equation gives 

^x*fz* [aV + 6 2 /3 2 + cV 2 ] + ^rafyW 
fit jS^y^ 

+ a;?/3 — j- { (6ca; + ca?/ + a6z) v + 2a^a [6c/?y + ca/a + a&a/?] | 

#2 /J2 2 

— %y% —j^- { V («a 2 2/3 + b(Pzx + cy*xy) — 2xyz . a(3yP [aa + b(3 + cy] } = . 
The whole expression divides by the factor 



xyz 



P 



4 



effect this division, then multiply out by P 2 and reduce further by noting that 
aa + 6/3 + cy = . The terms in the result containing P*xyz as a factor are 
easily seen to be 
F*xyz [a 2 a 2 + 6 2 /3 2 + c 2 / 2 + 2{3ybe + 2j/aca + 2a/?a6] = P*xyz (aa + 6/? + cy) 2 == 0. 

The terms remaining are now 

a?(&y*xyz — {aa?yz + bfihx + cy 2 ^) v + -P 2 (6csc + c«?/ + abz) V = . 
This is the equation of a skew surface of the fifth degree. The principal 
section in the plane of xy is the cubic 

{a — bfxy — (6cc + ay) {x + yf = . 

This has an asymptote 

bx + ay + ab = 

which meets the curve in 

ax + by = . 



Craig : TJie Counter- Pedal Surface of the Ellipsoid. 



363 



There is further an asymptotic parabola 

(x + yf = ax + by + ab , 
and this meets the curve in , ab 

The discussion of this surface is reserved for the present, but we may just 
notice the values of the coordinates of a point on any of the principal sections 
corresponding to a given value of t . We have 

ax . by cz 



{a + tf 

x 



+ 



+ 



(b + tf 

y 



+ 



+ 



(c + tf 





1=1. 



= 0. 



a+t ' b+t ' G+t 
For the section in the plane x = we may write 

then M ( b 

+ ' 



(A °-J) = i 

\b + t G + tJ ' 



and so 



M 



_(b + t)(G + t) 



(b — c)t 

Introducing this value of M we have the values of y and z corresponding to 
x = . Similarly the coordinates of a point in the other two planes may be 
given. Arranged in tabular form these are 



x—0 




x _ (c + t)(a + tY 


(a + tf(b + t) 


y = 


(6 + <)»(o + 
(b — G)t 


(c — a) t 
y=0 


X (a.— b)t 

_ (a + t)(b+tf 
J ~ (a — b)t 


?t ZT 


(b + t)(c + tf 


„_ (c + t?(a + t) 




(b — c)t 


(c — a) t 


2=0 



The equations of the sections of the skew surface corresponding to these sets 
of values of x, y, z are 

(b - c) V - (oy + bz) (y + zf = , 
(c — dfzx — (az + ex) (z + xf = , 
(a — Vfxy — {bx + ay) (x + yf = . 

If in the equation of the skew surface we replace x, y , z, a, b , c by the 
squares of these quantities we have at once the required equation of the counters- 
pedal. The correspondence between these two surfaces is such that to every 
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generator on the ruled surface corresponds a certain curve on the counter-pedal. 
The curve and generator are found by giving t a certain constant value in both 
cases. The lines on the ellipsoid coiresponding to a given value of t are readily 
found. Required to find the line on 

£2 v 2 fl 

a 2 T b 2 T <? 
for which t, i. e. — P 8 , has a constant value, say — t : this gives 

JL_i_ JLa- £— -I 

a 4 "^ 6 4 " l " c 4 ~" 4 ' 

the required curve is then the intersection of the two ellipsoids 

£2 y 2 <*3 

— + — 4- — = 1 

a 2 "I" - 6 2 "I" ^ 

a 4 " t " 6 4 "*" e 4 ~~ * 
The projections of this curve on the coordinate planes are evidently conies ; 
the projection on the plane of xz for example is the hyperbola 

i!_ ^Zl 2 __il b 2 — e 2 _ t — b 2 
a? a? (? c 2 to 

From their definition, these curves are obviously Poinsot's pollhodes. For the 
value t = b % the curve on the ellipsoid is the separating pollhode ; its projection 
on the plane zx is the pair of lines 

j*_ tf — b 2 _ C_ & — <? _ 
a 2 a 2 c 2 c 2 

The pollhode itself consists of two ellipses whose planes pass through the axis 
of y . The curves on the counter-pedal corresponding to a certain constant value 
of t, i. e. — P 2 , are found by laying off on the normals to the ellipsoid along the 
corresponding pollhode the length P . The extremities of these lines also lie in 
that parallel to the ellipsoid for which the modulus = P ; the lines on the counter- 
pedal are then the intersections of the inner sheet of the parallel surface with 
the counter-pedal. These are only partial intersections, and I have not been able 
to determine the degree of the curve. 

The equation of the counter-pedal is obtained from that of the skew surface 
as above indicated, and is 

— (aVj/V + Z> 2 /3 2 2V + <?y*a?y*) (a 2 cc 4 + /3 2 # 4 -f- yV — 2>a(3xy — 2^yyz — 2yazx) 
+ (* 2 + f~\- z 2 ) 2 i>W -f- c 2 aV + aW) (a 2 a; 4 + 0V + y¥ 

— 2(3yyz — 2yazx — 2a(3xy) = . 
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The counter-pedal is therefore of the tenth degree — the same degree as that 
of the negative pedal of the ellipsoid. The terms are grouped into those of the 
sixth, eighth, and tenth degrees respectively. Writing 

A = pa; 2 ] 2 , B = 2aV , G = 2& 2 cV , 
D=:2cPa*if£, E=22aPxy, G = a?(?fxY£, 
the equation may be written 

G + (B — E) (A G — D) = , 

or, writing 

B — E= — L, AG—B — M, 

the equation is 



AG- 

G — LM = . 



The L is the v of the above. For G = with M = we have the principal 
sections of the surface — complete in the planes z = and x = , but as we shall 
see not complete in y = . These principal sections are the counter-pedals of 
the principal sections of the ellipsoid together with, in the plane y = , a certain 
pair of straight lines. The equations of the counter-pedals of the principal 
ellipses are 

(i 2 — c 2 ) 2 2/V — (cy + lh % ) (t/ 2 + z 2 ) 2 = , 
( c 2 — a 2 ) 2 sftc 2 — (a 2 3 2 + <?x*) (?} + cc 2 ) 2 = , 
(a 2 — 6 2 ) 2 £c 2 ?/ 2 — (& 2 x 2 -\- a 2 ?/ 2 ) (» 2 + ?/ 2 ) 2 = . 

The coordinates of a point on each of these sextic curves are given by the 
table 



^ = 

Z 2 =- 


(& 3 ~H)V + <) 
(b % — <?)t 

(6 2 — <?)t 


j- (c 3 + *)(a 3 + *) 3 
~~ (c 3 — d^t 


CC 2 = 

y — 

2=0 


(a 3 -M) 3 (& 2 + *) 
(a 3 -H)(& 2 + <) 3 



It is important to notice that these values go in pairs. For values of — t<^h % 
the first and second columns give real values of x, y&ndz, while the third 
gives imaginary values ; for — t=b 2 the first and third columns vanish ; for 
values of — ■ £ > Z> 2 the first column is imaginary while the second and third are 
real. This remark is important in making a drawing or model of the surface, as 
it shows just what points in the three cross sections are to be united. 
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If in the equation of the surface we make 

G = and L — 

we have for the three possible cases a pair of straight lines in each of the planes. 

These are 

(ace 2 — (3^f =0 in z = , 

((3y*— yz*f = ina; = 0, 

(yz 2 — asc^f = in y = . 

Of these only the last, 

ax % — ytf = , 

is real and completes the principal section in the plane y = 0. The prin- 
cipal sections of the surface shown in isometric projections are given in figure 1. 




The portion OB A of the loop in the plane y= corresponds to values of 
t between — b % and — c 3 and is joined to the corresponding points in the loop E; 
the values of the corresponding points in OB A and E are found from the above 
table. The portion OCA is joined in like manner to D. The small letters indi- 
cate corresponding points and serve to show completely how a drawing or model 
of the surface may be constructed. 

In making a drawing of the surface it will of course be desirable to work 
out the numerical values of a few of the corresponding points though the lines 
joining them will have to be filled in by the eye — unless indeed one chooses to 
go through a very tedious computation to find the intermediate points through 
which to trace them. 
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The lines 

aa? — y^ = 

are clearly double lines on the surface ; a section of the surface through the point 
a of Fig. 1 will consist of two curves like Fig. 2. 




Fig.2. 

This section gives only eight real points of intersection with a right line. 

There are four real singular points of the nature of triple points in the plane of 

y = and an equal number of imaginary ones in the other two planes ; the origin 

is a singular point of a very high order and will hardly repay study. The double 

lines 

ax % — y£ = 

on the counter-pedal correspond to the separating pollhode on the ellipsoid ; the 
projection of these lines has been shown to be 

a? y s 2 a n 

a 2 a 2 ^c 3 c 2 ' 

the angle between these projections and the double lines being called 0, we have 

cos = (a 3 + c 2 ) V «r -5" VV (a 4 -f- c") + aW -f e'f . 

This is a right angle only for ellipsoids of revolution, as we can only have 
cos = for a = or y = . The projection and the double line will coin- 
cide with each other for cos = 1; this gives 

cr~f- ( r 

The double lines are at right angles for an ellipsoid whose axes are connected 
by the relation 

b ~ a 2 + c 2 ' 

I thought that the umbilics of the ellipsoid might correspond to the above 
mentioned triple points or the counter-pedal ; on testing I found that they did 
not correspond, though there is a singular relation between the coordinates of the 
points corresponding to the umbilics, and the coordinates of the triple points. 
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The coordinates of the umbilics on the ellipsoid are 

the value of i for these points is — -^-5 substituting this in the second column 
of the above table we have 

The coordinates of the triple points on the counter-pedal are found by 

making t = — h % ; they are 

fa r «2 

The values of a; and a for the two series of points are just interchanged. The 
condition that the umbilics on the ellipsoid should correspond to the triple points 
on the counter-pedal is 

2 

Besides the two straight double lines on the surface there are two other 
double lines whose projections are of a quadrifoil shape, the curves in space 
having the same shape only bent to fit the surface. 

The existence of these lines is readily inferred from Fig. 1 ; they are 
produced by the intersection of the portion of the surface joining the loop E 
to the partial loop OB A with the portion which joins the loop D to the partial 
loop GA . The degree of these nodal lines I have not been able to determine. 

The lines of curvature on the counter-pedal to the ellipsoid are its intersec- 
tions with the counter-pedals to the two confocal hyperholoids. I have not been 
able to deduce any results of consequence concerning the curvature of this 
surface, but in the next few pages I have given the values of all of the quantities 
employed by Gauss in his investigations on the curvature of surfaces. These 
values will certainly be necessary in any future study of the curvature of the 
counter-pedal, so it is worth while giving them here, although I have not been 
able to determine in a simple manner the radii of curvature. 

Denoting by u and v the curvilinear coordinates of a point on the surface 
of the ellipsoid, we have 

— /? y g» = a 2 (a 2 + u) (a 2 + v) , 

— fay] 2 = 6 2 (6 2 + u) {b % -\- v) , 
-- a{3? = <? \^ + u) (c 2 + v) . 
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Let P, P u P 2 denote the three perpendiculars from the centre upon the 
tangent planes to the three confocal quadrics at their common point £, yj, £, then 

P 2 ~ a* """ 6 4 "*" c 4 ' 

+ /L2 ■ ...» + 



(a 2 + «) 2 ' (& 2 + «) 2 ' (c 2 + «) 2 

£3 ~5J f2 

+ 71^ + 



P\ (a? + vf ' (6 2 -f a) 2 ' (c 2 + t>) 2 
or in terms of u and v these are 



P*z= 



uv 



D ._ (^+«)(y+tt)(<j , +") 
-* i — ? — \ * 

p. _ (a 2 + »)(6» + »)(<? + ») 

V [V — u) 

The element of length ds given in the form 



\?Edv? + 2Fdudv + Gdv % 

is of course for the ellipsoid 

_1_ / dv? efo 2 

Denote by5T>i>Z"> # the quantities which on the counter-pedal correspond 
to E, F, G on the original surface : 
then 

dx dx dy dy . dz dz 

du dv du dv du dv 



Now 

and therefore 



X = £ (l — -^-) &c. 

da; _ dz P 2 <?? g dP 2 & 

rf« d« a 2 dw a 2 dw 



Voi,. IV. 
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Substituting in the expression for S we have 

du 



*=*(£j-"-*±(£y-*%*i 



+ Ar du * a* du ^ ^ * a* \ duj ^ \du J Z a* 



To reduce this, observe that 

*■■ * ■' , Ac 



du 2 d?-\-u 

"" a? du 
f 2 1 ^ f 2 1 



or 



a 4 (a 2 + tt) 2 ~~ « a P 2 P? ' du ~ u' KduJ~4u i ' 

Making these and other obvious reductions we have 

nr~F4- P% | J'^' + PP 
^- J& + 2uP|" i " 4uPF~ 

ff ^+ „5» C^ + aw + itl; 

of course it follows from the symmetry of H and O that 

^ = G£ +45|[ pa + ^ + iM J- 

The reductions to be performed in order to find d are a little different from 
the above, but there is no difficulty in getting it ; all three of these quantities 
may be written as follows : 

ff - 4Pi vp + «; + 4 



« 2 



3 



_ i p 4 _i.jP 2 

^ ~" 4 aW ' ~ 4 w ' 
The element of length on the counter-pedal being now given by 

da 2 = &du % + 2£dudv + & dv> 



becomes 



jt -P' flY 1 • P N d «"l* • lY 1 . p \ dv-f,/du dv\*\ 

<** = x|lCp+v)-pt] + [Cp + t)-ptJ + C^ + t-; }• 
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Now 



d£ = +/&0 — g^dudv , = Ududv . 
This is easily brought into the form 



a _ J_ (P» + f)»(P' + t>)» r _P^[_4- P 2p i 1 

16 PJPJtiW L "*" (P 2 + «) 2 "*" (P 3 + ») 3 J 



or again 

£7* 



1_ 1 r (P 8 + «) 2 (P 2 + «) 2 P 2 Pf (P 2 + tt) 2 . P 2 Pl(P 2 + w) 2 -i 

L6 PfPf L uV + «V "*" uW J 



16 



or say 

the element of area is now 



tf* = 



y2 



16 P\Pl ' 



i r 



4 P*P t 

and for the total area we must have 

—6» — c» 



^/M 



dudv 



dudv 



-« 2 — 6 2 

of course the area of the ellipsoid is 

—a* —5 s 

The ratio between corresponding elements of area on the ellipsoid and its 
counter-pedal is 



dS 

dS 



= T. 



Denoting by (a x , &, yd an( ^ ( a 2> &> ^2) the direction-cosines of the normals 
to the ellipsoid and counter-pedal respectively at corresponding points, we have 

dx dx dx 



T— 



<*2' 



ds 



ft. 


dS 


y»» 


dz 

~dj 





<h 



dy dZ 

dy dy 

dt) d^ 

dz dz 

~drj' ~d~Z 
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The verification of this value of T by working out the determinant would 
he a very difficult matter, as the values of <x 2 , (3 2 , y 2 , whether obtained directly 
from the equation of the surface or in the manner indicated below, are 
extremely complicated. 

Using the notation employed by Salmon, Geom. of three Dimensions, write 

A B C= d{v '° > ^il\ d ^'^ 
' ' d(u, v) d(u } v) d(u,v) 

referring to the ellipsoid ; also 

v (T O — d (V> z ) d(z,x) d(x, y) 
a (it, v) d(u,v) d(u, v) 



referring to the counter-pedal. For convenience I will write the coordinates 
x, y, z as 

x — £ (l + A) & c ., i. e.7c=—P*; 

also write 

k \ /-. . k \ /, , k 



a, 



J - ? =( 1 + ^)'( 1 + ^).( 1 + ^) 



We find now at once 



or 



Y = fc d (v>0 , c ? d{k,p bz d{rj,k) 

d(u,v) V* d(u,v) o 3 d(u, v) 



y = — 






dk^ 

du 
dk^ 
dv 



du 
dy_ 
dv 



du 

dZ_ 

dv 



— A 



\6 2+ c a + 6Vy' pC 1 " 1 "©*/' <?(}+&) 



dk 
du 

dk 
dv 



dtj 
du 
dtj 
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d£ 
du 

dv 
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or finally 



V = A — 



«*<*+ 


/), 


V 

V 1 


Z 
c 3 




-*, 


V, 


dk 
du 




dq 

du 


du 


k 
6V 


dk 
du 


drj 
du 


dk 




dq 


dz 




dk 


dq 


dv 




dv 


dv 




dv 


dv 



dZ 
du 
dZ 
dv 



The values of ff and Q may of course be written down at once by symmetry. 

There are three other quantities necessary in obtaining the expressions for 
the radii of curvature, &c, by Gauss's method, viz. 



S' = 



or 



<ftc 
du % 
dx 
du 
dx 
dv 



d?% 



du % 

du 

% 

dv 



du 2 
dz 

du 
dz 
dv 



&c.; 



a'=S7+3ff+So 



d?y 



ePz 



dw 2 



dw 2 



dti 2 



dtwro dwd» dwaw 

The values of these expressed as determinants of the fourth order are easily 
found ; they are 

- be o. — ca — ab 



St: 



abc , 

d 2 k 

du 2 

dk 

du 

dk , 

dv 



a" 



* 



6 3 



-«7» 



d 2 ? 

du 3 

d? 

du 

dS_ 

dv 



d z q 

du % 

dq 

du 

dq 

dv 



6 s 

dX 

du 2 

dz 

du 

dz 

dv 



f 



+ 2 



di* 1 a 2 d« 6 2 dw. c 3 du ) 
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Writing abc = T + 1 , this becomes 



du a du 



-T, £« 



ca 



cFk 



a" 
d?s 



-&*' c 



ab y 



<Pr) d 3 C 



du 2 


du % 


du 2 ' 


du % 


dk 
du 


d& 

du 


drj 
du 


dZ 
du 


dk 
dv 


dg_ 

dv 


dy 
dv 


dv 



The expression for £>' may be written down by symmetry ; that for^' is 



_/ dk _, 1 d$- T _ . dk — . 1 rfc -rr 

dv ar du du a* dv 



be „ 

dudv dudv 
dk d£ 



— T 
cPk 



V 



ca 
d*r} 



ab c 
d*Z 



dudv dudv 
dq d£ 



du 
dk 
dv 



du 
dS 
dv 



du 
dr, 
dv 



du 
dv 



I have not been able to simplify these expressions any considerable amount. 

If we denote by as, y, z the coordinates of a point on the pedal of the 
ellipsoid, it is easy to see that 

£ = a; + a;, Y} — y + y, % = z + z 
or 

cc = £ — X, y—yj — y, z = £ — z. 

If E, F, G refer to the pedal, we have for the element of length on that 
surface 

da 2 — Edit* + 2Fdudv + W . 

It is quite easy to show that 



S- 


= E+E + 


P 2 

2uP\ ' 


0- 


- G+ G + 


P 2 

2vPl ' 


^~ 


= F> 
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and then for the element of length on the counter-pedal 



P 2 / du % , dv* \ 



writing 



A 2 = oW , 




A| = a 2 + u 


. 5 2 + m . c 2 + u , 


Af = a 2 + v . 


. i 2 + V . C 2 -f- 1) , 


the last term in do % becomes 




P 2 , 


N rdu* di?-\ 


~ 2U 


1 \ rdu 2 di?- 



and so 



<2a 2 = <k 2 + ^ 2 + T (|-i)[^-4|-] 



It would be interesting to find an interpretation of this last term, but I 
see no means of doing it. 

Denoting by dS the element of area on the pedal, we have 



d^ — ^EG — F % dudv; 
also 

pa P z + P l 

4u» P? 
P 2 P 2 + PI 



— IP 2 

yp __ . # , • 

4 ma ' 
calling the quantity under the radical sign V* we have 

and for the ratio between the elements of area of the pedal and counter-pedal 
JL— VKi 38 + M) a (-P 2 + ^ + P 2 PK-P 2 +^) a + -P 8 -Pl(-P i! +«)1 

V ~~ p s vp 2 + pi + p| 
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Calling a 2 , /2 2 , y % and a 2 , /3 2 . ^2 the direction-cosines of the norma*; at cor- 
responding points to the counter-pedal and pedal respectively, this ratio is the 
value of the determinant 



a 2 
ft 

n 



dx 
dx 
dy 
dx 
dz 
dx 

a 2 



dx 
dy 

&y_ 

dy 
dz 

dy 

ft 



dx 

dz 

dy_ 

dz 
dz 
dz 

7% 



Let F (£ y) £) = represent any surface, and denote by F 6 , F v , F i the deriva- 
tives of F with respect to £, yj, £. The equation of the tangent plane to this 
surface is (a/, y', r J denoting current coordinates in the plane) 

(*-*)** + (2/- *)*; + (8-0^ = 0; 

taking the origin as the pole we have for the perpendicular upon the tangent 
plane 

SFe + TjFi + tFt 






Q 



where Q % = J* + F* + i^ 2 . 

The direction-cosines of the normal, and therefore of p , are 



F„ 



Ft 



It 

Q ' Q ? Q ' 

and the coordinates of a point on the pedal surface are 



x, y , z '■ 






pF, 



pF 



Writing -~ = h we have for the coordinates of a point on the counter-pedal 

x = £ + 7cFs, 
y = yi + kF ri , 
z = £ + kF i . 

The elimination of £,17, £ between these equations and F=0 will give the 
equation of the counter-pedal of F=. 0. 
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Write the coordinates x , y , z in the form 

x = £ + x , y = yi + y, z = % + z 
and we have for ST > ^ > £) the general values 

#- = #+ J+2S^--^&c. 
aw aw 

the quantities -r-> -^-» -7 1 - are proportional to the direction-cosines of the 
du du du 

tangent to the curve u = const, traced on the original surface ; and -^> -^-> -^~ 

are proportional to the direction-cosines of the tangent to the corresponding 
curve u = const, traced on the pedal ; calling $ the angle between these two 
tangents the above value of S is 



& = E+ E + 2V EE cos 0. 
Writing X = (u, u) , we may also write 

B 2 = (v,v), ^> 1 =(u,v), fy=(u,v). 
The whole set of values is then 



H = E + E + 2s/ EE cos X , 



g = F + F + 2VE G cos fr + 2V # tf cos $ 2 , 



£> = # + G + 2 V # a cos 2 . 

It would be interesting to find the surfaces for which the square of the 
element of length on the counter-pedal is equal to the sum of the squares of the 
corresponding elements on the given surface and the pedal, *. e. the surfaces 
which give the relation 

&du % + 2ddudv -\-&dtf — Edu* + 2Fdudv + Gdtf + Edv? + 2Fdudv + Gdo % 

or 

do* ~ di? + do* . 

The conditions for this are obviously 

cos X = , cos g = 
and 



V 'E G cos ft + s/ e G cos ft = ; 

Vol. IV. 
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or otherwise 

_, eZ? dx „ «rf? dx 

du du ' dv dv 

^ ds da? , _ c?? dx 

du dv dv du 

The quantities V t & , Q may be written in the form 
F = ^ + 2-|^H-§Hl 

( d(u, v) d(u, v) ) 

( d(u, v) d(u, v) J 
p _ Q+ q ._ ( d (£?j) ___ d{rj,x) ) 

There are many other general formulas that one might write down, but it 
is hardly worth while to do so. 



